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A NEW PROOF OF ABEL-RUFFINI THEOREM
YAN PAN AND YUZHEN CHEN
This paper is dedicated to E´variste Galois.
Abstract. The Abel-Ruffini theorem shows that the general quintic polynomial is not
solvable in radicals. A proof based on a theorem of Kronecker gave by Do¨rrie [100 great
problems of elementary mathematics: Their history and solution, Dover Publication,
1965], but we notice a mistake in it. We give a corrected version of this mistake and
provide a new proof of the Abel-Ruffini theorem.
1. Introduction
Abel-Ruffini theorem plays a vital role in solving algebraic polynomials in history.
Notions like the Galois Theory and solvable group originated here. For a long time,
people attempted to find the expression of the root by using the coefficient of radicals
and finite field operations but failed. It was not until 1824 [1] that Niels Henrik Abel, a
Norwegian mathematician, discovered the proof of the theorem. Galois’s proof published
in 1846 [2] after his death. Vladimir Arnold found a topological proof of this theorem in
1963 [3].
A proof based on a theorem of Kronecker was given in the reference [4], and it was
only using basic algebraic knowledge. Unfortunately, there is a mistake that exists in the
proof. Our work points out the mistake and gives a fixed version by Theorem 4.2. Then
we use a different way to provide a new proof of Theorem 4.3 and use it to prove the
Abel-Ruffini theorem.
2. A Mistake
The mistake in [4] is derived from a paragraph on pages 123 to 124:
“Also, with each substituted radical of our series, which still does not
allow division of f(x), we will also substitute at the same time the complex
conjugate radical. Though this may be superfluous, it can certainly do no
harm.”
We will use the field theory to prove that the assertion is wrong. In this paper, fields
are the subset of C, and polynomials are monic polynomials. Below we provide some
definitions of conventions.
Definition 2.1. A field extension K ⊂ P is called a radical extension if there is a
prime p, xp − αp ∈ K[x] is irreducible over K, and P = K(α).
Definition 2.2 ([5, Section 2]). A field extension D0 ⊂ Dk is said to be a radical tower
over D0 if there is a series of intermediate fields
D0 ⊂ D1 ⊂ D2 ⊂ · · · ⊂ Dl−1 ⊂ Dl ⊂ · · · ⊂ Dk
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such that for each 0 ≤ j ≤ k − 1, ubj+1j+1 ∈ Dj, Dj+1 = Dj (uj+1) where bj is a prime, and
xbj+1−ubj+1j+1 is irreducible over Dj. For convenience, when c ∈ D0, we also call D0 ⊆ D0(c)
is a radical tower or a trivial extension.
Definition 2.3. We call f(x) ∈ D0[x] is solvable in radicals over D0 if all the roots of
f(x) belong to Dk, where D0 ⊆ Dk is a radical tower. If we do not mention what D0 is,
that means D0 is the smallest field containing all the coefficients of f(x).
The following is an example to illustrate the mistake in [4].
We set θ = e
2pii
11 and let f(x) =
5∏
j=1
(x− θj − θ−j). Because x10+x9+· · ·+1 is irreducible
over Q, and all its roots are θ, θ2, · · · , θ10. We obtain
f(x)2 =
10∏
j=1
(x− θj − θ−j) ∈ Q[x].
So we get f(x) ∈ Q[x] and |Q(θ + 1
θ
) : Q| ≤ 5. If |Q(θ + 1
θ
) : Q| < 5, we get |Q(θ + 1
θ
) :
Q| = 1 or 2 from
|Q(θ) : Q(θ + 1
θ
)||Q(θ + 1
θ
) : Q| = 10.
When |Q(θ + 1
θ
) : Q| = 1 or 2, set β = θ + 1
θ
, because θ is a root of
x2 − βx+ 1 = 0,
we have
|Q(θ) : Q(θ + 1
θ
)| ≤ 2,
and
|Q(θ) : Q(θ + 1
θ
)||Q(θ + 1
θ
) : Q| ≤ 4.
We obtain 10 ≤ 4, which is impossible. Thus |Q(θ + 1
θ
) : Q| = 5, and f(x) is irreducible
over Q.
We follow [4], add e
2pii
5 to Q. By Lemma 3.1, f(x) is irreducible over Q(e
2pii
5 ). Since
e
2pii
5 = (e
2pii
5 )
−1
, for any t ∈ Q(e 2pii5 ), we have t ∈ Q(e 2pii5 ). Then we add e 2pii11 11√2 to
Q(e
2pii
5 ). By Eisenstein’s criterion, x11 − 2 is irreducible over Q. By Lemma 3.1, x11 − 2
is irreducible over Q(e
2pii
5 ). By Theorem 4.1, we can find a radical tower
E = Q(e
2pii
5 , e
2pii
11
11
√
2) ⊂ E1 ⊂ E2 · · · ⊂ Ek = KE11,
and E(e
2pii
3 , e
2pii
5 , e
2pii
7 , e
2pii
11 ) ⊆ KE11. Now we find a radical tower
Q ⊂ Q(e 2pii5 ) ⊂ Q(e 2pii5 , e 2pii11 11
√
2) ⊂ E1 ⊂ E2 · · · ⊂ Ek,
all the roots of f(x) belong to Ek, and f(x) is irreducible over Q(e
2pii
5 , e
2pii
11
11
√
2).
According to the method in [4], we add e−
2pii
11
11
√
2 to Q(e
2pii
5 , e
2pii
11
11
√
2). It follows that(
e
2pii
11
11
√
2
e−
2pii
11
11
√
2
)6
= e
24pii
11 = e
2pii
11 = θ.
Thus all the roots of f(x) belong to Q(e
2pii
5 , e
2pii
11
11
√
2, e−
2pii
11
11
√
2). That shows the proof
in [4] is not working under our example.
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3. Some Lemmas
The purpose of this chapter is to list some lemmas that will be used frequently later.
Lemma 3.1. Suppose f(x), g(x) ∈ E[x] are irreducible over E, deg(f) is a prime. Set
xf be a root of f(x), and xg be a root of g(x). If f(x) is not irreducible over E(xg), we
have deg(f) | deg(g).
Proof. We set p = deg(f), q = deg(g), thus
|E(xf )(xg) : E(xf )||E(xf) : E| = |E(xg)(xf ) : E(xg)||E(xg) : E|.
If f(x) is not irreducible over E(xg), then
|E(xf)(xg) : E(xf )| ≤ q, |E(xg)(xf ) : E(xg)| < p,
and
|E(xf) : E| = p, |E(xg) : E| = q.
Since p and q are both prime numbers, we have p | q. 
Lemma 3.2. Suppose f(x), g(x) ∈ E[x] are irreducible over E, deg(f) and deg(g) are
both prime numbers. Let all the roots of g(x) be x1, x2, ..., xdeg(g), and xg be a root of
g(x). If f(x) is not irreducible over E(xg), we have f(x) can be factored into linear factors
over E(x1, x2, ..., xdeg(g)).
Proof. If f(x) is not irreducible over E(xg), then f(x) has the form
f(x) = ϕ(x, xg)ψ(x, xg).
Since g(x) ∈ E[x] is irreducible over E and f(x) ∈ E[x], then
f(x) = ϕ(x, x1)ψ(x, x1),
f(x) = ϕ(x, x2)ψ(x, x2),
· · ·
f(x) = ϕ(x, xdeg(g))ψ(x, xdeg(g)).
Due to x1, x2, · · · , xdeg are all the roots of g(x), we obtain
F (x) =
deg(g)∏
k=1
ϕ (x, xk) ∈ E[x].
As all the roots of F (x) are the roots of f(x), and f(x) is irreducible over E. We get
F (x) = f(x)h.
Here the h is a positive integer. According to the above results, thus
deg(ϕ (x, xg)) · deg(g) = h · deg(f).
Because of deg(f) and deg(g) are both prime numbers, deg(ϕ (x, xg)) < deg(f), we have
deg(ϕ (x, xg)) = 1, deg(f) = deg(g), h = 1.
That means f(x) can be factored into linear factors over E(x1, x2, ..., xdeg(g)). 
Lemma 3.3 (Abel). Let p be a prime. The polynomial xp − C ∈ K[x] is not irreducible
over K, if and only if there is a d ∈ K and dp = C.
Proof. See page 118 of [4]. 
Lemma 3.4. Let p be a prime, e
2pii
p ∈ K, and xp−C ∈ K[x]. If xp−C is not irreducible
over K, we get xp −C can be factored into linear factors over K. That is to say, if d is a
root of xp − C, the extension K ⊂ K(d) is a pth radical extension or a trivial extension.
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Proof. By Lemma 3.3, if xp − C ∈ K[x] is not irreducible over K, there is a d belongs to
K, dp = C. So we get
xp − C = (x− d)(x− de 2piip ) · · · (x− de 2pii(p−1)p ).
That means xp−C can be factored into linear factors over K. Thus K ⊆ K(d) is a trivial
extension.
If xp − C ∈ K[x] is irreducible over K, by Definition 2.1, K ⊂ K(d) is a pth radical
extension. 
Lemma 3.5. Let p ≥ 3 be an integer and K be a field. For any prime q ≤ p, the qth
root e
2pii
q belongs to K. We set ap = A ∈ K, then K ⊆ K(a) is a radical tower.
Proof. Let p0 = 1. We can find primes p1, p2, · · ·pk,
k∏
j=1
pj = p. Then we have
K(((· · · (ap0)p1 · · · )pk−1)pk) ⊆ K((· · · (ap0)p1 · · · )pk−1) ⊆ · · · ⊆ K((ap0)p1) ⊆ K(ap0).
By Lemma 3.4, for each 1 ≤ j ≤ k, the extension
K(((· · · (ap0)p1 · · · )pj−1)pj) ⊆ K((· · · (ap0)p1 · · · )pj−1)
is a trivial extension or a radical extension, so that K ⊆ K(a) is a radical tower. 
4. A New Proof
We will present the revised version of proof in [4] in this chapter, and prove Theorem 4.3
in a different view than in [4].
Theorem 4.1. Let q ≥ 3 be a prime and E be a field. We have the extension E ⊆ KEq is
a radical tower, and this radical tower follows E = E0 = K
E
q ⊇ E(e
2pii
3 , e
2pii
5 , · · · , e 2piiq ) or
E = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek = KEq ⊇ E(e
2pii
3 , e
2pii
5 , · · · , e 2piiq )
such that for each 0 ≤ j ≤ k − 1, dqj+1j+1 , e
2pii
qj ∈ Ej, Ej+1 = Ej (dj+1) where qj is a prime,
and xqj+1 − dqj+1j+1 is irreducible over Ej.
Proof. Let us use mathematical induction to prove this proposition.
When n = 3, due to e
2pii
3 is a root of x2+x+1. Thus E ⊆ E(e 2pii3 ) is a radical extension
or a trivial extension. Then we set KE3 = E(e
2pii
3 ).
Let p be a prime, and 5 ≤ p ≤ q. Suppose for any prime n < p, the proposition is true.
We need to prove when n = p, the proposition is true. The largest prime number less
than p, we denote as m(p). By Lemma 3.5 and (e
2pii
p−1 )p−1 = 1, we get KEm(p) ⊆ KEm(p)(e
2pii
p−1 )
is a radical tower. Let ω = e
2pii
p , εj = e
2piij
p−1 , and ω[n] = ω2
n
. We set Lagrange resolvent
ρ(θ, εj) = θ
20 + εjθ
21 + ε2jθ
22 + · · ·+ εp−2j θ2
p−2
.
Thus we have
ρ(ω[n], εj) = ω
[n+0] + εjω
[n+1] + ε2jω
[n+2] + · · ·+ εp−2j ω[n+p−2]
and
ρ(ω[n], εj) = ε
−n
j ρ(ω
[0], εj).
Then we get
Aj = (ρ(ω
[0], εj))
p−1
= εj
(p−1)(p−2)
2
p−2∏
k=0
ρ(ω[k], εj) ∈ KEm(p)(e
2pii
p−1 ).
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By Lemma 3.5, we can get ρ(ω[0], ε1), and ρ(ω
[0], ε2), · · · , ρ(ω[0], εp−1) by radical tower.
Since we have
p−1∑
j=1
εj = 0,
p−1∑
j=1
εj
2 = 0, · · · ,
p−1∑
j=1
εj
p−2 = 0.
Thus we get
ω = ω[0] =
1
p− 1
p−1∑
j=1
ρ(ω[0], εj).
Now we find a radical tower KEm(p) ⊆ K, e
2pii
p ∈ K. Then we set KEp = K. That means
when n = p, the proposition is true. 
Corollary 4.1 (Gauss). The polynomial xn − 1 is solvable in radicals.
Proof. Let q be the minimum prime greater than n. By Theorem 4.1 and Lemma 3.5, we
obtain Q ⊆ KQq (e
2pii
n ) is a radical tower. 
Corollary 4.2. Let F be a field and f(x) ∈ F [x]. If all the roots of f(x) belong to Fn,
where
F ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fn−1 ⊆ Fn
such that for each 0 ≤ j ≤ n − 1, ubj+1j+1 ∈ Fj , bj ∈ N+, and Fj+1 = Fj (uj+1). We have
f(x) is solvable in radicals.
Proof. Suppose q = max{bj}. By Theorem 4.1, we can find a radical tower
F = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek ⊇ E(e 2pii3 , e 2pii5 , · · · , e
2pii
q ).
By Lemma 3.4 and Lemma 3.5, we add u1, u2, · · ·un to Ek, and ignore the trivial exten-
sions. Then we get a new radical tower F = E0 ⊆ E0 = Fn or
F = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek · · · ⊂ Ed ⊇ Fn
such that for each 0 ≤ j ≤ d− 1, e
2pii
pj+1 , a
pj+1
j+1 ∈ Ej , Ej+1 = Ej (aj+1) where pj is a prime,
and xpj+1 − apj+1j+1 is irreducible over Ej. 
Theorem 4.2. Let E be a field and for any t ∈ E, such that t ∈ E. Suppose f(x) ∈ E[x]
is irreducible over E and has a degree n ≥ 2. If f(x) is solvable in radicals over E, we
can find a radical tower E ⊆ K, and for any t ∈ K, we have t ∈ K. In there, f(x) is
irreducible over K but not irreducible over K(α), where e
2pii
q ∈ K, and K ⊂ K(α) is a
qth radical extension.
Proof. According to f(x) is solvable in radicals over E, we can find a radical tower
E = D0 ⊂ D1 ⊂ D2 ⊂ · · · ⊂ Dl−1 ⊂ Dl ⊂ · · · ⊂ Dm
such that for each 0 ≤ j ≤ m−1, Dj+1 = Dj (uj+1) where bj is a prime, and xbj+1−ubj+1j+1 ∈
Dj is irreducible over Dj.
Suppose q is the smallest prime higher than max{bj, n}. By Theorem 4.1, we have a
radical tower
E = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek ⊇ E(e 2pii3 , e 2pii5 , · · · , e
2pii
q ).
By Lemma 3.4, we add u1, u2, · · ·um to Kp, and ignore the trivial extensions. We get a
new radical tower
E = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek · · · ⊂ Ed
such that for each 0 ≤ j ≤ d− 1, e
2pii
pj+1 , a
pj+1
j+1 ∈ Ej , Ej+1 = Ej (aj+1) where pj is a prime,
and xpj+1 − apj+1j+1 is irreducible over Ej.
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By Lemma 3.4 and e
2pii
pj+1 ∈ Ej , if we ignore the trivial extensions in
E = E0 ⊆ E1 ⊆ E ′1 ⊆ E2 ⊆ E ′2 ⊆ · · · ⊆ Ek ⊆ E ′k ⊆ · · · ⊆ Ed ⊆ E ′d
such that for each 1 ≤ j ≤ d, E ′j = Ej (aj). We get E ⊂ E ′d is a radical tower, for any
t ∈ E ′d, we have t ∈ E ′d, and x1, x2, · · ·xp ∈ E ′d. We set this radical tower is
E = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fk · · · ⊂ Fg
such that for each 0 ≤ j ≤ g − 1, e
2pii
qj+1 , h
qj+1
j+1 ∈ Fj, hj+1 ∈ Fj+2 (Fg+1 = Fg), Fj+1 =
Fj (hj+1) where qj is a prime, and x
qj+1 − hqj+1j+1 is irreducible over Fj .
Since all the roots of f(x) belong to Fg. We can find a j0, and f(x) is irreducible over
Fj0, but f(x) is not irreducible over Fj0(hj0+1). Then we have e
2pii
qj0+1 ∈ Fj0.
If for any t ∈ Fj0 , t ∈ Fj0 , we set α = hj0+1, q = qj0+1, and K = Fj0. Else we consider
this extension
Fj0 ⊂ Fj0(hj0+1hj0+1) ⊂ Fj0(hj0+1hj0+1, hj0+1) = Fj0(hj0+1hj0+1, hj0+1).
If f(x) is irreducible over Fj0(hj0+1hj0+1), we set α = hj0+1, q = qj0+1, and K =
Fj0(hj0+1hj0+1). If f(x) is not irreducible over Fj0(hj0+1hj0+1), we set α = hj0+1hj0+1,
q = qj0+1, and K = Fj0. 
Remark 4.1. Theorem 4.2 shows a correct way to “substitute the complex conjugate
radical,” and this way gives a fix to the mistake in [4].
Theorem 4.3 (Kronecker). Let E be a field and for any t ∈ E, such that t ∈ E. Suppose
f(x) ∈ E[x] is irreducible over E and has a prime degree p ≥ 3. If f(x) is solvable in
radicals over E and has a pair of complex conjugate roots, then f(x) only has one real
root.
Proof. By Theorem 4.2, there is a radical tower E ⊆ K, and e 2piiq ∈ K. We have f(x) is
irreducible over K, but f(x) is not irreducible over K(α). In there, q is a prime, α is a
root of xq − αq ∈ K[x], and xq − αq is irreducible over K. By Lemma 3.1, we get q = p.
By Lemma 3.4, all the roots of xp − αp belong to K(α). By Lemma 3.2, f(x) can be
factored into linear factors over K(α). Thus we have
xj =
p−1∑
t=0
wt
(
αe
2piij
p
)t
, (wt ∈ K, j = 1, 2, · · · , p) .
In there, for any k ∈ Z, we have xk = xk′ , 1 ≤ k
′ ≤ p, and k ≡ k′ mod p. Since f(x) has
a pair of complex conjugate roots, we set they are xg, xl. Thus xg = xl. We get
(4.1)
p−1∑
t=0
wt
(
αe
2piig
p
)t
=
p−1∑
t=0
wt
(
αe−
2piil
p
)t
.
We have two cases.
CASE I. When α ∈ R, By Equation 4.1, we have
(4.2)
p−1∑
t=0
(
wte
2piigt
p
)
αt =
p−1∑
t=0
(
wte
−
2piilt
p
)
αt.
Since xp − αp ∈ K[x] is irreducible over K, and e 2piip , wt, wt ∈ K. We can change the α in
Equation 4.2 to αe
2piij
p for any j ∈ {1, 2, · · · , p}. Thus for each 1 ≤ j ≤ p, the following
formula holds
(4.3) xg+j = xl−j .
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When g + j ≡ l − j mod p, we get j ≡ l−g
2
mod p. Since f(x) is irreducible over E,
thus it does not have repeated roots. We have xk = xd if and only if k ≡ d mod p. By
Equation 4.3, we get f(x) has exactly one real root.
CASE II. When α /∈ R, we set β = αα = (αe 2piip )(αe 2piip ). If f(x) is not irreducible
over K(β), this will give us the situation of Case I. If f(x) is irreducible over K(β), we
get xp − αp ∈ K(β)[x] is irreducible over K(β). Otherwise, by Lemma 3.4, we have
α, e
2pii
p ∈ K(β). That means f(x) is not irreducible over K(β) ⊇ K(α), which contradicts
our premise. By Equation 4.1, we have
(4.4)
p−1∑
t=0
(
wte
2piigt
p
)
αt =
p−1∑
t=0
(
wte
−
2piilt
p βt
)( 1
α
)t
.
Since xp−αp ∈ K(β)[x] is irreducible over K(β), and e 2piip , wt, wt ∈ K(β). We can change
the α in Equation 4.4 to αe
2piij
p for any j ∈ {1, 2, · · · , p}. Thus for each 1 ≤ j ≤ p, the
following formula holds
(4.5) xg+j = xl+j .
By Equation 4.5, for each 1 ≤ j ≤ p, we have
xl+j = xl+(l−g)+j = xl+2(l−g)+j = xl+3(l−g)+j
= · · · = xl+(p−1)(l−g)+j = xl+p(l−g)+j = xl+j .
It follows that f(x) only has real roots, but this contradicts our premise. 
Theorem 4.4 (Abel-Ruffini). The general quintic polynomial is not solvable in radicals.
Proof. Set f(x) = x5 − 10x + 5. By Sturm theorem, x5 − 10x+ 5 has exactly three real
roots. By Eisenstein’s criterion, x5 − 10x + 5 is irreducible over Q. According to the
Theorem 4.3, f(x) is not solvable in radicals. 
5. Conclusions
We give a new proof of the Abel-Ruffini theorem and strengthen the version of the
Kronecker theorem (see Proposition 3 in [5]). Moreover, we provide a corrected version of
the mistake in [4] and show a short proof of Corollary 4.1 that does not use group theory.
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